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Heat and mass transferAbstract This paper investigates combined heat and mass transfer by free convective ﬂow along a
moving vertical ﬂat plate with thermal convective boundary condition. The governing transport
equations are converted into a system of coupled nonlinear ordinary differential equations by using
suitable similarity variables. The transformed equations are then solved numerically. The analysis
reveals that a similarity solution exists if the convective heat transfer coefﬁcient is inversely propor-
tional to one fourth power of the axial distance. The effect of the controlling parameters (convective
heat transfer, buoyancy ratio, Prandtl number, Schmidt number and Rayleigh number) on the
dimensionless velocity, temperature and concentration proﬁles as well as on the friction factor, heat
transfer rates and mass transfer rates is displayed graphically and discussed. It is found that the
buoyancy ratio reduces the temperature and concentration whilst it increases the velocity. The
convective heat transfer parameter increases both the momentum and thermal boundary layer
thicknesses whilst it decreases the thickness of the concentration boundary layer. Close agreement
is found between present and published results.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Boundary layer ﬂow along a moving surface is an important
type of ﬂow occurring in several engineering applications.
Examples include manufacture and extraction of polymer and
rubber sheets, paper production, wire drawing and glass-ﬁbre
production, melt spinning, and continuous casting (Chen [1],
Tadmor and Klein [2]). It is believed that Sakiadis [3] ﬁrst
formulated and investigated the problem of boundary layer
Nomenclature
a constant
C concentration
c1; c2 constants
Cf local skin friction factor
D diffusion coefﬁcient (m 2 s 1)
f dimensionless free stream function
g acceleration due to gravity
Grx local Grashof number
hf heat transfer coefﬁcient (W m
2 K1)
k thermal conductivity of ﬂuid (W m1 K1)
Nux local Nusselt number
Pr Prandtl number
Rax local Rayleigh number
Shx local Sherwood number
T dimensional temperature (K)
u dimensional ﬂuid velocity in the x direction (ms1)
v dimensional ﬂuid velocity in the y direction (ms1)
x; y coordinates along and normal to the plate (m)
Greek symbols
a thermal diffusivity (m2 s1)
bT coefﬁcient of thermal expansion (K)
bC coefﬁcient of solutal expansion
c convective heat transfer coefﬁcient
g similarity independent variable
h dimensionless temperature
l dynamic viscosity of the ﬂuid (kg m1 s 1)
q ﬂuid density (kg m3)
u dimensionless nanoparticles volume fraction
w dimensionless stream function
Subscripts
w conditions at the wall
1 ambient condition
Superscript
0 ordinary derivative with respect to g
1106 M.J. Uddin et al.ﬂow and heat transfer along a moving plate. A considerable
amount of research has been reported on this topic (Jaluria
[4]). Grupka and Bobba [5] studied heat transfer characteristics
of a continuous stretching surface with variable temperature.
They reported the analytical solution of both momentum and
thermal energy equations. Karve and Jaluria [6] present an
experimental investigation of the thermal transport due to a
heated moving aluminium plate in a stationary ﬂuid. They have
shown that the experimental results are in good agreement with
the numerical results. Hayat et al. [7] studied the ﬂow as well as
heat transfer of Eyring Powell ﬂuid past a moving plate in the
presence of a free stream velocity. They used a semi-analytical
method to solve the problem. Ferdows and colleagues [8]
present scaling group transformation for MHD boundary layer
free convective heat and mass transfer ﬂow past a convectively
heated nonlinear radiating stretching sheet. Similarity solutions
for moving plate were investigated by many authors. Fang [9]
presented numerical solution of the boundary-layer problem
of a semi-inﬁnite moving plate in a free stream with mass trans-
fer. Weidman et al. [10] studied the effect of transpiration on
boundary layer ﬂow past semi-inﬁnite plate in uniform free
stream. They obtained dual solution and analysed the stability
of the problem and concluded that lower solution branches
are unstable whilst the upper solution branches are stable.
Fang and Lee [11] addressed the issue of slip effects on the
boundary layer ﬂow of a rareﬁed gas in free stream over a
moving ﬂat plate. Ishak et al. [12] studied the boundary layer
ﬂow on a moving permeable plate parallel to a moving stream.
Free convection ﬂow owing to temperature and concentra-
tion gradient ﬂow occurs in atmospheric and oceanic circula-
tion, electronic machinery, heated or cooled enclosures,
electronic power supplies etc. It has many applications such
as its inﬂuence on operating temperatures of power generating
and electronic devices (Bergman [13], Kays and Crawford [14],
Bejan [15]). It plays an important role in thermal manufactur-
ing applications and is important in establishing the tempera-
ture distribution within buildings as well as heat losses or heatloads for heating, ventilating and air conditioning systems. The
presence of pure air or water is not possible; some foreign mass
must present either naturally or mixed with air or water. The
effect of foreign mass on the free convective ﬂow past a
semi-inﬁnite vertical plate was studied by many researchers
under various boundary conditions. For example, Ostrach
[16] evaluated the Nusselt number by applying combined simi-
larity-numerical solution technique for the isothermal bound-
ary condition. Gebhart et al. [17] reported many such
solutions from different types of transport phenomena with
both Newtonian and non-Newtonian ﬂuids. Further, Aziz
[18] has studied the classical problem of hydrodynamic and
thermal boundary layers over an impermeable ﬂat plate in a
uniform stream of ﬂuid with convective boundary condition.
Magyari [19] found an exact solution of Aziz’s [18] problem
in a compact integral form whilst Ishak [20] extended the same
problem for a permeable ﬂat plate. Further, Makinde and
Olanrewaju [21] considered the buoyancy effects on the ther-
mal boundary layer over a vertical ﬂat plate with a convective
surface boundary condition whilst Makinde [22] investigated
magnetohydrodynamics (MHD) heat and mass transfer over
a moving vertical plate with a convective surface boundary
condition. In another paper Makinde [23] presented similarity
solution for natural convection from a moving vertical plate
with internal heat generation and a convective boundary con-
dition. Be´g et al. [24] studied double-diffusive radiate magnetic
mixed convective slip ﬂow with Biot and Richardson number
effects. Sahu et al. [25] described the pressure-driven, non-
isothermal miscible displacement of one ﬂuid by another in a
horizontal channel with viscous heating. They solved the gov-
erning equations directly by ﬁnite volume method. Sahu and
Govindarajan [26] illustrated double-diffusive density stratiﬁed
systems. They have shown that the instability becomes stron-
ger as the ratio of diffusivities of the two scalars increases
and destabilized when the layer of viscosity stratiﬁcation over-
laps with the critical layer of the perturbation. In another
paper, Sahu [27] studied the pressure-driven displacement of
Similarity solution of double diffusive free convective ﬂow 1107one ﬂuid by another in a horizontal channel. They used ﬁnite
volume method to solve the problem and concentration
dependent diffusivity has been taken into account. They have
shown that the variable diffusivity delays the formation of
Kelvin–Helmholtz-type instability, but increases the size of
the ‘‘cap-type’’ instability.
The objectives of the present study were to develop simi-
larity transformations and the corresponding similarity solu-
tions for free convection ﬂow of viscous incompressible
ﬂuid past a moving vertical ﬂat plate with thermal convective
boundary condition and to solve the transformed coupled
ordinary differential equations numerically. The effects of
convective heat transfer parameter c, the Prandtl number
Pr, the Rayleigh number Ra and buoyancy ratio parameter
N on the ﬂow, heat and mass transfer characteristics are
investigated numerically.
2. Problem formulation
2.1. Illustration of the problem
The geometry assumed in this study, along with the rectangular
coordinates, x and y, and the corresponding velocity compo-
nents, u and v is depicted in Fig. 1 (where i represents momen-
tum whilst ii represents thermal and concentration boundary
layers, in general thermal and concentration boundary layer
thicknesses are not same). The three boundary layer formed
in the vicinity of the plate due to the movement of the plate.
Consider the solid plate is moving with the velocityUwðxÞwhilst
the free stream is stationary. It is assumed that the temperature
of the ambient ﬂuid is the uniform temperature T1, the
unknown temperature of the plate is Tw and the left side of
the plate is heated from a hot ﬂuid of temperature Tf ð> T1Þ
by the process of convection. This then generates a variable heat
transfer coefﬁcient hfðxÞ. It is further assumed that the concen-
tration of the ambient ﬂuid is the uniform concentration C1,
the unknown concentration of the plate is Cwð> C1Þ. The
transport properties, the viscosity, thermal conductivity and
mass diffusivity are in general are variables and they depend
on both temperature and concentration. To simplify the prob-
lem, ﬂuid properties are assumed to be invariant except density,
which is assumed to vary only in those changes that drive the
ﬂow (i.e., the Boussinesq approximation).H
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i ii
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Figure 1 Flow conﬁguration and coordinate system for2.2. Mathematical model
Based on the illustration and under the assumption of bound-
ary layer approximations, the governing boundary layer
equations in dimensional form relevant to our problem are
(Bergman el al. [13])
@u
@x
þ @v
@y
¼ 0; ð1Þ
u
@u
@x
þ v@u
@y
¼ m @
2u
@x2
þ@
2u
@y2
 
þgbTðTT1ÞþgbCðCC1Þ; ð2Þ
u
@T
@x
þ v@T
@y
¼ a @
2T
@x2
þ@
2T
@y2
 
; ð3Þ
u
@C
@x
þ v@C
@y
¼D @
2C
@x2
þ@
2C
@y2
 
: ð4Þ
We assume that the boundary conditions of these equations
are (Cengel [28])
v¼ 0; u¼UwðxÞ; k@T
@y
¼ hf TfTw
 
; C¼Cw at y¼ 0;
u! 0; T!T1; C!C1 as y!1;
ð5Þ
where T is the temperature, C is the concentration, m is the con-
stant kinematic viscosity, k is the thermal conductivity, a is the
constant thermal diffusivity, D is the constant mass diffusivity
of species of the ﬂuid, bT is the volumetric thermal coefﬁcient,
bC is the volumetric concentration coefﬁcient, and g is the
acceleration due to gravity. The subscripts w;1 are denoting
wall conditions and undisturbed conditions respectively.
Note that using boundary layer approximations and order of
magnitude analysis, we can neglect terms @
2u
@x2
; @
2T
@x2
; @
2C
@x2
from
Eqs. (2)–(4) respectively. The governing Eqs. (1)–(5) may be
solved directly by meshless method as described by Kosec
and Sˇarler [29]. However, we believe that the solution metho-
dology described in that paper may be complicated and
computationally expensive and hence, we adopt similarity
analysis technique.,f fh T
ot fluid
i ii
u
,T C
∞ ∞
,T C
,x u
( )wU x
,y v
Quiescent 
fluid
%
(b)
an assisting ﬂow. (a) Fixed plate. (b) Moving plate.
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Introducing the stream function w deﬁned in the classical form
as u ¼ @w=@y and v ¼ @w=@x into Eqs. (2)–(4), we have
@w
@y
@2w
@x@y
@w
@x
@2w
@y2
¼ m@
3w
@y3
þgbTðTT1ÞþgbCðCC1Þ; ð6Þ
@w
@y
@T
@x
@w
@x
@T
@y
¼ a@
2T
@y2
; ð7Þ
@w
@y
@C
@x
@w
@x
@C
@y
¼D@
2C
@y2
; ð8Þ
and the boundary conditions (5) become
@w
@x
¼ 0; @w
@y
¼UwðxÞ; k@T
@y
¼ hf TfTw
 
; C¼Cw at y¼ 0;
@w
@y
! 0; T!T1; C!C1 as y!1:
ð9Þ
The closed form solutions of the system of partial differential
Eqs. (6)–(9) may not be possible and hence we transform them
into corresponding ordinary differential equations. In doing
so, we deﬁne the independent and dependent similarity vari-
ables in the usual form as (White [30])
g ¼ c1 y
x1=4
; w ¼ c2x3=4fðgÞ;
hðgÞ ¼ ðT T1Þ=DT; uðgÞ ¼ ðC C1Þ=DC; ð10Þ
where DT ¼ Tf  T1;DC ¼ Cw  C1 and c1; c2 are positive
constants and will be determined later by using the condition
that Eqs. (6)–(9) subject to the boundary conditions (9)
become similarity equations or ordinary differential equations.
Thus, substituting (10) into Eqs. (6)–(8) we get
f000 þ c2
mc1
3
4
ff00  1
2
f02
 
þ gbTDT
mc2c31
hþ bCDC
bTDT
u
 
0; ð11Þ
1
Pr
h00 þ 3
4
c2
mc1
fh0 ¼ 0; ð12Þ
1
Sc
/00 þ 3
4
c2
mc1
f/0 ¼ 0; ð13Þ
along with
c1c2x
1=2f0ð0Þ ¼ UwðxÞ; ð14Þ
where primes denote differentiation with respect to the similar-
ity independent variable g. To get the dimensionless form of
g; fðgÞ; hðgÞ and /ðgÞ, and to get rid of the ﬂuid properties
appearing in the coefﬁcients of the Eqs. (11)–(13), we choose
c2
mc1
¼ 1; c1c2  A; ð15Þ
so that in the wall condition UwðxÞ ¼ Ax1=2, where the con-
stant Aðm1=2=sÞ corresponds to the prescribed plate velocity
at the distance x ¼ 1m from the origin, namely, A ¼ Uwð1Þ.
Accordingly, the ﬁrst Eq. (15), c2  mc1 along with the
prescribed equation c1c2 ¼ A, determine the constants c1 and
c2 in terms of A uniquely, yielding
c1 ¼
ﬃﬃﬃﬃ
A
m
r
; c2 ¼
ﬃﬃﬃﬃﬃﬃ
Am
p
: ð16Þ
In this way, the coefﬁcient gbDT=ðmc2c31Þ in Eq. (11) leads to an
essential parameter of the problem, namely to the mixed
convection parametergbDT
mc2c31
¼ gbDT
A2
: ð17Þ
Bearing in mind that the present problem does not possess a
natural length scale, the length unit L is at our disposal.
Thus, choosing L as
L ¼ ma
A2
 1=3
ð18Þ
one obtains from Eq. (14) the Rayleigh numberRadeﬁned as
gbDT
mc2c31
¼ gbDT
A2
¼ gbL
3DT
ma
 Ra: ð19Þ
Thus, Eqs. (11)–(13) become
f000 þ 3
4
f f00  1
2
f02 þ Ra hþNuð Þ ¼ 0; ð20Þ
1
Pr
h00 þ 3
4
fh0 ¼ 0; ð21Þ
1
Sc
u00 þ 3
4
fu0 ¼ 0; ð22Þ
and the boundary conditions (9) can be written as
fð0Þ ¼ 0; f0ð0Þ ¼ 1; h0ð0Þ ¼ c 1 hð0Þ½ ; uð0Þ ¼ 1;
f0ðgÞ ! 0; hðgÞ ! 0; uðgÞ ! 0 as g!1;
ð23Þ
where Pr ¼ m=a is the Prandtl number and c is the local convec-
tive heat transfer parameter, which is given by
c ¼ hf
c1k
x1=4: ð24Þ
In order that Eqs. (20)–(22) have similarity solutions, the
quantity c must be a constant and not a function of x as in
Eq. (24) (see Aziz [18]). This condition can happen if the heat
transfer coefﬁcient hf is proportional to x
1=4. We therefore
assume
hf ¼ bx1=4; ð25Þ
where b is a constant. With the introduction of Eq. (25) into
Eq. (24), we have c ¼ a=ðc1kÞ. Thus, the solutions of Eqs.
(20)–(22) with the boundary conditions (23) yield the similarity
solutions. Therefore, the investigation of this problem has to
be conducted with respect to three characteristic parameters
of the model, namely c;Pr and Ra.
It is noticed that the insulated boundary condition can be
recovered by setting c! 0. Also observe that the thermal con-
vective boundary condition in (23) can be written as
hð0Þ ¼ 1þ bh0ð0Þ; b ¼ 1=c; ðc– 0Þ is the thermal slip parame-
ter, the thermal slip can be treated as a special case of the con-
vective boundary condition. For c!1 this boundary
condition becomes hð0Þ ¼ 1, which is the isothermal case. As
pointed out by Kiwan, and Al-Nimr [31], thermal boundary
conditions occurs in many real situations such as ﬂuid ﬂow
of rareﬁed gas, ﬂuid ﬂow around in micro-electromechanical
(MEMS) and nano-electromechanical (NEMS).
It is interesting to note that when, c!1, our problem
reduces to Subhashini et al. [32] if fw ¼ e ¼ 0 in their paper.
In case of stationary isothermal plate and under the follow-
ing minor modiﬁcation
Table 1 Comparison of friction factor and heat transfer rates
with published data.
Pr F00ð0Þ h0ð0Þ
Ostrach [16] Present Ostrach [16] Present
0.72 0.6760 0.67602 0.5046 0.50463
1 0.6421 0.64219 0.5671 0.56715
10 0.4192 0.41919 1.1694 1.16933
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We have from Eqs. (20) and (21)
F000 þ 3F F00  2F02 þ Rah ¼ 0; ð27Þ
h00 þ 3PrFh0 ¼ 0; ð28Þ
and the boundary conditions (23) can be written as
Fð0Þ ¼ F0ð0Þ ¼ hð0Þ  1 ¼ F0ð1Þ ¼ hð1Þ ¼ 0: ð29Þ
Note that for Ra ¼ 1, Eqs. (27) and (28) with the boundary
conditions Eq. (29) reduce to those found by Ostrach [16].
The physical parameters of interest in the present problem
are the skin friction factor Cf and the local Nusselt number
Nux, which are given byη
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qU2wðxÞ
@u
@y
 
y¼0
; Nux ¼ xDT 
@T
@y
 
y¼0
;
Sh ¼ x
DC
 @C
@y
 
y¼0
: ð30Þ
Substituting (10) into (30), we get
Gr1=4x Cf¼ f00ð0Þ; Gr1=4x Nux¼h0ð0Þ; Gr1=4x Shx¼u0ð0Þ;
ð31Þ
where Grx is the local Grashof number.
4. Numerical solutions
The similarity analysis method reduces the governing equa-
tions into ordinary differential equations which in turn reduces
our numerical computation. The set of coupled non-linear
ordinary differential Eqs. (20)–(22) with boundary conditions
in Eq. (23) form a two point boundary value problem and have
been solved numerically using an efﬁcient Runge–Kutta–
Fehlberg fourth-ﬁfth order numerical method for several
values of the Prandtl number Pr, the convective heat transfer
parameter c and the Rayleigh number Ra. The accuracy of
the method was established in various transport problems.
As a further conﬁrmation, recently the method was appliedη
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Figure 5 Variation of the skin friction with buoyancy ratio for
different Rayleigh and Prandtl numbers.
1110 M.J. Uddin et al.by Khan and Aziz [33], Kuznetsov and Nield [34], Makinde
and Aziz [35], and found to reproduce their results well. The
asymptotic boundary conditions given in (23) were replaced
by a ﬁnite value of 6 to 12 for similarity variable gmax as followsN
-θ
' (
0)
0 0.2 0.4 0.6 0.8 1
0.3
0.4
0.5
0.6
0.7
0.8(a)
5
7
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Figure 6 Effect of the different parameters and dimensionlessf0ðgmaxÞ ¼ hðgmaxÞ ¼ uðgmaxÞ ¼ 0: ð32Þ
The choice of gmax ensured that all numerical solutions
approached the far ﬁeld asymptotic values in a correct manner.
This is an important point which is sometimes overlooked. The
method is described in Aziz and Lopez [36] and the maple code
is illustrated in Aziz [37]. In order to justify the correctness of
our present numerical method our results are compared with
the Ostarch [16] for stationary plate. The comparison is shown
in Table 1 and found an excellent agreement.
5. Results and discussions
Effects of the parameters which control the ﬂow and heat
transfer on the dimensionless velocity are shown in Fig. 2a
and b. It is found from Fig. 2a that the buoyancy ratios as well
as the Rayleigh number increase the velocity. Note that we
have taken Pr ¼ Sc ¼ 1 for this graph. This means that the
thermal and concentration boundary layer coincide each other.
Fig. 2b reveals that the velocity decreases with Pr and increases
with the convective heat transfer parameter. Fig. 3a and b has
been drawn to exhibit the effects of different parameters and
dimensionless numbers on dimensionless temperature. It is
found that temperature as well as the thermal boundary layer
thickness decreases with the increase of the both buoyancy
ratio and Rayleigh number. As expected Pr reduces the tem-
perature whilst c enhances the temperature (Fig. 3b). A similarN
0 0.2 0.4 0.6 0.8 1
0.6
0.8
1
1.2
1.4
1.6
(b)
5
7Sc= 1, 2, 3
RaPr= γ =1
-φ'
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)
numbers on (a) Nusselt numbers. (b) Sherwood numbers.
Similarity solution of double diffusive free convective ﬂow 1111conclusion is also drawn by Aziz [36]. Fig. 4 depicts the effects
of the controlling parameters on dimensionless concentration.
It is found that buoyancy ratio, Rayleigh number and Schmidt
number reduce the concentration and convective heat transfer
parameter increases the concentration. Variation of skin fric-
tion with buoyancy ratio, Prandtl number, and convective heat
transfer parameter for different Rayleigh is shown in Fig. 5. It
is found that friction factor rises with buoyancy ratio and con-
vective heat transfer parameter, as expected. It is further found
that friction factor reduces with the Prandtl number. Note that
values of f00ð0Þ are positive. Physically this means that a drag
force is exerted by the ﬂuid on the plate. The variation of
the rate of heat transfer with N, Ra, c is shown in Fig. 6a whilst
the variation of the rate of mass transfer with N;Sc; c is dis-
played in Fig. 6b. It is found that the rate of heat transfer
increases with N, Ra, c (Fig. 6a) whilst the rate of mass transfer
increases with N;Sc; c.
6. Conclusions
We investigate the effects of the convective heat transfer on the
heat and mass transfer due to free convection past a moving
vertical ﬂat plate by combined similarity and numerical analy-
sis techniques. The analysis reveals that similarity solutions
exist if the convective heat transfer coefﬁcient hf is inversely
proportional to x1=4. The numerical solutions have been
reported for various governing parameters. The following con-
clusion can be made:
 N reduces the temperature and concentration whilst it
increases the velocity.
 c increases both the momentum and thermal boundary
layer thicknesses whilst it decreases the thickness of the con-
centration boundary layer.
 The ﬂuid velocity and temperature proﬁles fall with rising of
the Prandtl number Pr but concentration behaviour is just
the reverse.
 Friction factor rises with buoyancy ratio and Rayleigh
number reduces with the Prandtl number.
 The rate of heat transfer increases with N, Ra, c.
 The rate of mass transfer increases with N ; Sc; c.
The present studies ﬁnd applications in condenser, evap-
orator, and automotive radiator with high ﬂow rates.
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